A growing number of experimental set-ups in cavity optomechanics exploit periodically driven fields. However, such set-ups are not amenable to analysis using simple, yet powerful, closed-form expressions of linearized optomechanics, which have provided so much of our present understanding of experimental optomechanics. In the present paper, we formulate a new method to calculate quantum noise spectra in modulated optomechanical systems, which we analyze, compare, and discuss with two other recently proposed solutions: we term these (i) frequency-shifted operators (ii) Floquet [16] and (iii) iterative analysis [8] . We prove that (i) and (ii) yield equivalent noise spectra, and find that (iii) is an analytical approximation to (i) for weak modulations. We calculate the noise spectra of a doubly-modulated system describing experiments of levitated particles in hybrid electro-optical traps. We show excellent agreement with Langevin stochastic simulations in the thermal regime and predict squeezing in the quantum regime. Finally, we reveal how experimentally inaccessible spectral components of a modulated system can be measured in heterodyne detection through an appropriate choice of modulation frequencies.
Δ(t)
[b(t) +b † (t)]. The system operators are coupled to their respective baths by κ for the zero-temperature optical bath, and by ΓM for the mechanical bath at 300K leading to damping and dissipation. While for standard optomechanics g, ωM, ∆ are constant, we investigate here solutions for set-ups where they are harmonically modulated.
the Standard Quantum Limit (SQL) by measuring a single quadrature of the mechanical oscillator [9] . To date, two different ways to do single-quadrature detection have been proposed: one considered modulations of the optomechanical coupling g to perform back-action evasion (BAE) measurements [9, 10] , while the other considered modulation of ω M to perform detuned mechanical parametric amplification (DMPA) [11, 12] . Closely related schemes to generate mechanical squeezing are also of much interest. Modulation of the cavity field at 2ω M results in amplification of one quadrature and to squeezing of the conjugate quadrature [14, 15] . The above studies all considered modulation either at or close to ω M (resonant or near-resonant); or modulation at a multiple (usually twice) of ω M [14, 16] . In addition, they considered modulation of either the optomechanical coupling g(t) [14, 16] or of the spring constant [11, 12] . In this paper we revisit periodically modulated optomechanics by analysing a system studied in [8] which involves not only simultaneous modulation of both g and ω M , but also far off-resonant modulation at frequencies ω M . That study was motivated by the need to understand the distinctive optical sideband structure of the measured spectra from levitated nanoparticles in hybrid optical-electric traps [6, 7] . In [8] an approximate but analytical solution was obtained for the quantum noise spectra of the optical field and mechanical displacement. The method produced closed form expressions which successfully reproduced experimental spectral features, but only for the case of weak modulations.
Quantum noise spectra for comparison with experiments or theory are obtained by transforming the corresponding quantum Langevin equations into frequency space; in the standard optomechanical case, these are frequently solved only for the individual mode of interest. However, a rather useful technique arises from so-called linear amplifier models [18, 19] which cast the equations in a matrix form: c(ω) = T(ω)c in (ω), relating the input optical and mechanical noises to the field mode operator outputs by means of a transfer matrix T.
the input vector c in (ω) represent Gaussian noise baths. We note that theâ(ω) solutions here denote the intracavity field (the actual detected cavity output field is then straightforwardly obtained using the input-output relationâ out (ω) =â in (ω) − √ κâ(ω)) [20] . Such matrix methods have been employed in previous studies of modulated optomechanics [14, 16] . However, unlike the standard case, T couples frequencies which differ by multiples of the modulation frequency. Its dimension is infinite so truncation becomes necessary. In the present paper we identify two clear variants of the approach: in (i) the periodic Hamiltonian is expanded into Fourier series, and a covariance matrix equation is obtained in terms of frequency-shifted system operators.
(ii) In [16] , a Floquet ansatz is used so steady-state solutions are assumed to be periodic. This results in a Langevin equation for each Fourier component of the system operators which can be arranged into a matrix equation in Fourier space. Although in [14] a method equivalent to (i) was noted briefly, it has not previously been used to calculate quantum noise spectra.
We test the validity of the expressions of [8] -which we label method (iii) -in thermal and quantum regimes. It is straightforward to show that the analytical expressions obtained by iterative solution in [8] are an approximate solution of method (i) for regimes where we may truncate the matrix T to the lowest few orders. We also investigate the subtle, but interesting, differences between the two Floquet/Fourier methods (i) and (ii) under certain assumptions in the input noise and detection methods. We prove that although the matrix equations are apparently different, the methods, in fact, yield equivalent power spectra.
In Sec. III, we apply the formalism to the slowly modulated system in [8] where the frequencies g(t) and ω M (t) are modulated at a frequency ω d ω M . A destructive interference process that leads to complete cancellation of one of the displacement sidebands offers a very stringent test of the calculations. We verify the results for the intracavity spectra in the thermal regime by numerical simulation of the slowly modulated, semiclassical Langevin equations using a stochastic differential equation solver [21] . We also calculate the quantum homodyne spectra in ponderomotive squeezing regimes (i.e. optical squeezing, not mechanical squeezing) even in the presence of strong modulations.
In Sec. IV we establish connections between the two methods (i) and (ii) to give a fuller picture of modulated optomechanical systems and their implications, in particular, by considering heterodyne detection of nonstationary spectral components which are usually inaccessible experimentally. Finally, we summarize and conclude in Sec. V.
II. THEORY: MATRIX METHODS FOR QUANTUM NOISE SPECTRA
For compactness and generality, we can extend Eq. (1) into an n-mode quadratic HamiltonianĤ(t) = 
T is a vector of 2n system operators. The resulting Heisenberg's equation of motion is [22] :ċ
where we set = 1, and for bosonic ladder operators the canonical commutation relation (CCR) is
Each of the ith mode of c(t) is coupled to an infinite bath with rate γ i which is described by a quantum Langevin equation:
where
T . They are Gaussian noises which we assume to be deltacorrelated:
where we denote the 2ith element of c in (t) byĉ in,i . The mode occupancyn i is set by the bath temperature. We further define a matrix of noise correlations in time:
In the case of a time-independent Hamiltonian H(t) = H, Eq. (3) is diagonal in Fourier space:
where the transfer matrix
I is the identity matrix, and our convention for the Fourier transform is such that:
† . Equation (8) underlines the essence of the linear amplifier model of standard optomechanics [19] : by working in frequency space we obtain the output noises from the input noises via simple matrix inversion.
The explicit time-dependence of H(t) -slowlymodulated or otherwise -prevents a straightforward application of the Fourier transform to obtain an inputoutput relation similar to Eq. (8) . Nonetheless, one can apply Fourier techniques to Eq. (3) in two ways: (i) by Fourier-expanding the Hamiltonian matrix, or (ii) by expanding both the Hamiltonian matrix and the system operators [16] . One can then obtain a linear system either of frequency-shifted operators or of the Fourier components of the operators. In the following text we show the equivalence of methods (i) and (ii) by deriving the power spectrum under two assumptions: 1.) input noises are Gaussian and stationary and 2.) no explicit timedependence is introduced in the signal during detection.
A. Method (i): Matrix equation of shifted operators
First we express the periodic Hamiltonian matrix as a Fourier series: (9) which in frequency space becomes
Because of the time-dependence of H(t) the vector c(ω) depends on c(ω + kω d ), preventing us from expressing Eq. (10) as an input-output equation similar to Eq. (8) . Instead, we consider the shifted equations:
for each k, s. An input-output relation of the form c = Tc in can then be obtained for the modulated system:
where the n × n matrix elements are
We denote sth row, lth column element of the transfer matrix as T sl (ω), with the central block being
Our departure point to solve the measured power spectrum analytically is:
where we have generalized for now to the case of operators, and frequency-space variables are understood to be gated Fourier transforms:
We note that Ref. [16] offers a different way to calculate the measured spectrum but we come back to this point later in Sec. III C. From Eq. (12) we know c(ω) = l∈Z T 0l (ω)c in (ω − lω d ). Substituting this in Eq. (15) we obtain:
It follows from Eq. (7) (proof in Appendix A) that
Therefore,
In the solution above the Hamiltonian matrix is Fourier expanded while the system operators are left as is, leading to a matrix equation of shifted operators.
B. Method (ii): Matrix equation of Fourier modes
In an alternative derivation [16] we expand both the Hamiltonian matrix and the system operators in a Fourier series.
Let
We identify a quantum Langevin equation for each Fourier mode:
Here we have assumed stationary input noise and placed it into the zeroth Fourier component. In general, periodic input noises can be treated as well [17] . The coupled quantum Langevin equations can be written as an infinite-dimensional matrix equation:
with the same transfer matrix as in Eq. (12) . From Eq. (21), the lth Fourier mode c
Using Eq. (15), we then proceed to calculate the measured power spectrum:
Using the Kronecker delta correlation in Eq. (17), we obtain:
The infinite matrix T and its inverse have diagonals that are invariant (up to a frequency displacement) with respect to an equal shift in the row and column indices:
This translation property of T is a crucial feature that we will invoke throughout the paper. Shifting the indices of Eq. (23) by −l we see that Eqs. (18) and (23) are equivalent. We then conclude that methods (i) and (ii) yield equivalent power spectra, a key result of this work.
C. Method (iii): Iterative analytical solution
Method (iii) is a solution obtained in [8, 23 ] to a system where the coupling strength and mechanical spring constant are simultaneously modulated. This challenging scenario was motivated by the need to analyze and understand the underlying dynamics for a particular experimental set-up with levitated nanoparticles in an optical cavity.
Levitated optomechanics offers the prospect of full decoupling from environmental heating and decoherence using nanoparticles trapped only by optical fields. This necessitates operation at ultra-high vacuum ∼ 10 −8 mbar. However, previous studies identified a particle loss mechanism as the pressure is lowered past 1 mbar, presenting a major technical bottleneck. One solution was to incorporate a Paul trap inside the optical cavity [7] to create a hybrid electro-optical trap.
In addition to interesting nonlinear dynamics, the hybrid trap system exhibited characteristic split-sideband spectra. These were analyzed [8, 23] by considering a simultaneous and out-of-phase excursion in g(t) = 2ḡ sin ω d t and ω M (t) =ω M + 2ω 2 cos 2ω d t.
Further details of the method in [8, 23] are given in Appendix B 2. However in brief, it is useful to compare the frequency solution of the Langevin equation for the optical field amplitudeŷ(t) = â(t) +â † (t) for the standard unmodulated optomechanical case:
with the case where the optomechanical coupling strength is modulated as g(t) = 2ḡ sin ω d t:
where the Y in (ω) represent cavity-filtered incident shot noise (see Appendix B 2) andx(ω) is the displacement of the mechanical oscillator. We see that the only apparent significant change is to the mechanical displacement operators which are frequency shifted by the modulation. Hence it might be tempting to substitute standard optomechanics noise expressions forx(ω) by simply shifting ω → ω ± ω d and to directly solve the equation.
However, the most physically interesting effects [8] 
: in other words, the iterative method is simply an approximation to the shifted operator method.
III. RESULTS: SIMULATION OF SPLIT-SIDEBAND SPECTRA
In this section we test and verify the expressions for the methods (i)-(iii) -both the iterative and the full matrix solution -against each other and against a numerical solution of the stochastic Langevin equations. Methods (i) and (ii) yield indistinguishable results. Both solutions show the same convergence properties in that they need to be truncated at a higher order as the modulations become stronger. To ensure invertibility and convergence, we truncate the matrix in Eq. (12) at an arbitrarily high odd dimension (17 × 17 block matrices).
For the numerics we explicitly solved a set of stochastic Langevin equations corresponding to the semiclassical dynamics of the system where we replace each operator in Eq. (B1) with its (in general complex) expectation value and its adjoint with the corresponding complex conjugates. The stochastic noises c in have a Gaussian distribution with an average variance equal to the step size in the temporal propagation, such that c in,i (t)c * in,i (t ) = c * in,i (t)c in,i (t ) = 2π(n + 1/2)δ i,i δ(t − t ).
A. Split-sideband spectra in the strong modulation regime characteristic split-sideband separated by 2ω d about ω M .
To compare with previous studies [8] , each spectrum is parameterized by both g and ω 2 . As was previously observed [8] , the ratio of the split-sidebands change as the parameter ω 2 /ω d increases. Up to ω 2 /ω d = 0.9, all the three spectra exhibit progressively suppressed ω M + ω d peak, and all show good agreement. From this point onward, however, the iterative solution fails to change the split-sideband ratio, while the full solution matches very well with the numerics, even going past the complete suppression point at ω 2 /ω d ≈ √ 2. We can also see this behaviour in Fig. 2b where we plot the ratio of the split-sidebands as g and ω 2 increases. We also verify in Fig. 2c that the split-sideband ratio persists regardless of the cooperativity and is only determined by ω 2 /ω d . Depending on κ/ω M , the split-sideband ratio may fluctuate before reaching a constant value. The higher the ω 2 /ω d the lower cooperativity is required to reach a constant ratio, so at the suppression point r ≈ 0 for all C. We ensure split sidebands are well-resolved by choosing Γ opt 2ω d . A new result of the comparison with the full Fourier methods (i/ii) is to provide a more accurate value of the point at which the second sideband is fully suppressed: here we observe the suppression point at ω 2 /ω d ≈ √ 2. An earlier analysis of the based on the approximate method (iii) ω 2 /ω d ∼ 2 [8] ; however, that analysis of the low order iterative solution neglected the modification to the susceptibilities due to higher-order backactions. The second sideband remains very weak across the entire ω 2 /ω d ∼ 1 to 2 range so the underlying physical explanation remains valid. Curiously, an even simpler model, using a Bessel expansion of the modulations in the interaction Hamiltonian [23] also predicted the more accurate
B. Optical squeezing in homodyne spectra
Measured spectra detect the cavity output spectrum a out (ω) =â in − √ κâ(ω), presenting additional interesting effects arising from correlations between the incoming noise and the intracavity field due to quantum backaction. In particular such correlations give rise to ponderomotive squeezing and power spectrum values below the shot-noise floor near ω ≈ ω M .
The measured homodyne spectrum detects a single optical quadrature:
and hence the measured power spectrum
, and φ is the local oscillator phase (φ = 0 for amplitude, and φ = π/2 for phase quadrature).
Another advantage of the linear amplifier matrix formalism is that outputs the full covariance matrix, facilitating calculation of the homodyne spectra which are constructed from several separate components. Usually, a probe mode different from the control beam is used for detection. When probe coupling is weak and ∆ p = 0 it does not alter system dynamics but otherwise the probe could significantly couple to the oscillator motion regardless of the quadrature being measured. The matrix methods are extendable to any number of modes so we can easily incorporate probe dynamics. Figure 3 shows the color map of the quantum homodyne spectra for the standard case, as well as the modulated case for three different modulation strengths. Large regions of squeezing of up to ≈ 1 dB (20 % below the noise floor) can be observed for 0 < φ < π/2. The matrix method correctly replicates the squeezing profile of the standard case [24] . As expected for an on-resonance probe, the optical field shows no peaks at φ = 0 while coupling most strongly with the mechanical oscillator at φ = π/2. Optical squeezing at the mechanical frequency −5 . The blue (red) region indicate noise below (above) the imprecision floor. We get a flat spectrum for the amplitude quadrature (φ = 0), while a twin-peak around ωM for the phase quadrature φ = π/2. We show the colormaps for the standard case, as well as for the slowly-modulated case for three different ω2/ω d . Not only do we see familiar regions of squeezing characteristic to standard optomechanics, but also squeezing between the twin-peaks. Maximum squeezing at ≈ 1 dB (20% below the noise floor) is achieved at φ = π/4. At the suppression point ω2/ω d ≈ √ 2 regions of high backaction noise (red) are replaced by squeezing. The rest of parameters are the same as in Fig. 2a. is impossible to see in standard optomechanics through homodyne detection, so sensing on-resonance will always be degraded by back-action noise, unless one performs a synodyne detection [25] , or introduce modulations within the system [10, 12] .
Adding a slow modulation in g(t) allows the measurement of the cross-correlation x(ω + ω d )x(ω − ω d ) that causes squeezing between the twin peaks. Introducing an additional periodicity in ω M (t) at 2ω d further increases the contribution of the cross-correlation. The result is a squeezed region that grows with ω 2 /ω d until it completely suppresses backaction noise (red) on resonance for ω 2 /ω d ≈ √ 2. Such optical squeezing have been demonstrated for resonantly modulated optomechanical systems, but off-resonant modulated optomechanical systems could possibly offer a novel way of exploiting crosscorrelations for quantum sensing.
IV. DISCUSSION
Although we have shown that both methods (i) and (ii) give the same results for both intracavity and homodynedetected power spectra, we now investigate whether the equivalence holds for more general types of spectra. In particular, we discuss heterodyne detection of modulated optomechanical systems.
A. Connections between methods (i) and (ii)
In summary, for both methods a set of output field modes is obtained from a set of input noises by the action of a transfer matrix T. However, in method (i) the output field operator c(ω) originates from multiple, frequency-shifted input noise components c in (ω + lω d ). In method (ii), in contrast, the dynamical operators were decomposed into a Fourier series c(t) = l∈Z c (l) (t)e ilω d t . In this case these components c (l) (ω + lω d ) originates from the effect of the transfer matrix on a single input noise component c in (ω).
To investigate these differences, we revisit once more the measured power spectra by re-writing Eq. (15) in terms of the autocorrelation function [2] :
where S(ω, t) is defined as the Fourier transform of the autocorrelation function. For an ordinary (unmodulated) optomechanical system, the stationarity (i.e. timetranslation invariance) of the stochastic process leads to the Wiener-Khinchin theorem:
In method (ii), the periodic modulation of the c(t) naturally implies the periodic modulation of S(ω, t):
and in [16] it was shown that the measured spectrum is the zeroth-order component S (0) (ω). Although the higher order spectral terms S (m) (ω) appear to be experimentally inaccessible, we show below that these |m| > 0 contributions may be measured using heterodyne detection with a beat frequency 2Ω = nω d resonant with the modulation. Hence the question arises as to how they can be calculated. It has been shown that S (m) (ω) can be computed from the Fourier components of the operator using method (ii) [16] . In Appendix D we show that the higher spectral components are, in fact, straightforwardly related to cross-correlations between the method (i) operators:
and hence higher order components of the spectrum are also obtainable from method (i). All methods analyzed here assumed input noises which are stationary and delta-correlated, a standard assumption in optomechanics. Reference [17] considered also the particular case where the noise input to a cavity is itself the cavity-filtered noise from another cavity (with modulated dynamics). In this case one might consider noise inputs of the form:
Even with periodic input noises, methods (i) and (ii) are still equivalent and we show this in Appendix C. Equation (31) does not change the linearity of the equations in frequency space. The resulting frequency shifted noises c
in (ω +lω d ) can be accommodated by rearranging the matrix equation, though in this case one might find method (ii) more convenient.
B. Measuring non-stationary spectrum components with heterodyne detection
Heterodyne detection measures a rotating quadrature:
and we take φ = 0 as the power spectrum is in general insensitive to φ. Hence, in frequency space, i het (ω) = a out (ω + Ω) + [â out (ω − Ω)] † . In getting the power spectrum S het (ω) = lim T →∞ |i het (ω)| 2 , intuition suggests that only the terms correlated at the same frequency will survive while the cross-correlations will vanish. Another way to look at this is through the time domain, where the heterodyne signal in time will give rise to a timedependent autocorrelator, and the cross terms carrying ±e 2iΩt will get averaged out in the Fourier transform [16] . Both viewpoints regarding the cancellation of cross correlations rely on the crucial fact that the noises are delta-correlated. However, on closer inspection, the cross correlations â out (ω − Ω)â out (ω + Ω) and
† can indeed be measured if the local oscillator frequency Ω is chosen appropriately. This is easy to show using method (i):
The noise correlation in Eq. (7) forces l = l + n, and also n ≡ 2Ω ω d ∈ Z. Such cross-correlations are useful in quantum sensing [15, 25] , and Eq. (33) illuminates the interesting fact that, by introducing an appropriate phase reference Ω -whether intrinsic to the system, or externally -it becomes possible that a delta-correlated input noise (which vanishes if ω = ω ) can give rise to a nonzero correlation of output noises at different frequencies. In particular, we have shown how cross-correlations (and hence, how rotating parts of the cavity output spectrum) can be recovered naturally in modulated systems using heterodyne detection. The same idea has been applied on the level of rotating mechanical quadratures using the Fourier components of the periodic spectrum [16] which, we know from Appendix D, are equivalent to unequalfrequency cross correlations of shifted operators.
V. SUMMARY AND CONCLUSION
We present three approaches to solving quantum noise spectra of periodically modulated optomechanical systems: we call these (i) shifted operators, (ii) Floquet, and (iii) iterative methods. We prove that methods (i) and (ii) yield equivalent spectra, while method (iii), is an analytical approximation to method (i).
We compare the equivalent methods (i)/(ii) with Langevin stochastic simulations of the doubly-modulated optomechanical Hamiltonian. The previously unexplored regime of slow but strong modulations in the optomechanical coupling and mechanical frequency provide a stringent test of the analytical methods. We demonstrate excellent agreement between methods (i)/(ii), confirming split-sideband suppression at ω 2 /ω d ≈ √ 2. Method (iii), being effectively a low-order truncation of the transfer matrix of method (i), also shows good agreement up to a certain modulation amplitude.
We also predict resonant squeezing in the quantum regime for the doubly-modulated system as a result of enhanced cross-correlations in the shifted mechanical spectrum when ω 2 /ω d ≈ √ 2. While squeezing at the mechanical frequency has been seen in other modulated schemes [10, 25] , we demonstrate possible new schemes for resonant squeezing in slowly-modulated set-ups.
Finally, we obtain a fuller picture of the periodic character of the spectra of the Langevin solutions by establishing an explicit connection between unequal-frequency correlations of shifted operators and the Fourier components of the periodic spectrum. We also show how crosscorrelations (and hence, rotating components of the spectrum) are recovered by choosing the heterodyne local oscillator frequency to be resonant with the modulation of the optomechanical system. By invoking the translation property of T in Eq. (24), we therefore conclude that, after an appropriate shifting of the summation indices, methods (i) and (ii) yield equivalent spectra even in the more general case of periodic input noises.
